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Abstract: Solving the absent assignment problem of the shortest time limit in a weighted bipartite 
graph with the minimal weighted k-matching algorithm is unsuitable for situations in which large 
numbers of problems need to be addressed by large numbers of parties. This paper simplifies the 
algorithm of searching for the even alternating path that contains a maximal element using the 
minimal weighted k-matching theorem and intercept graph. A program for solving the maximal 
efficiency assignment problem was compiled. As a case study, the program was used to solve the 
assignment problem of water piping repair in the case of a large number of companies and broken 
pipes, and the validity of the program was verified. 
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1 Introduction   
Assignment problems have drawn much attention in recent years. Kim et al. (2006) used 
the genetic algorithm to deal with the satellite customer assignment problem. Assignment 
problems with n persons and n tasks have been solved using the Hungarian method (Kandel et 
al. 2007). In the situation in which n persons are assigned to m tasks, with limits to the number 
of tasks each person can perform, the number of persons assigned to each task, and the total 
number of assignments, one wishes to find the optimal assignment of maximal efficiency or 
minimal cost (Levin and Woeginger 2006). This problem is called a special generalized 
assignment. It was solved by transforming the generalized assignment problem into a balanced 
assignment problem (Yu and Zhang 2008), and then using the Hungarian method. The main 
purpose of this study is to examine the maximal efficiency assignment problem. This problem 
is actually the shortest time limit assignment problem for k persons and k tasks put forward by 
Zhou (1998). Li and Wang (2000) adopted the yielding tree algorithm fit for graphing and the 
labeling algorithm fit for tabling to solve the problem, but the bipartite graph is a mess if there 
are too many persons and events. It is confusing to perform the minimal weighted k-matching 
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on the graph using Li and Wang’s algorithm (2000). This paper simplifies the algorithm of 
searching for an even alternating path that contains a maximal element by using an intercept 
graph, which makes the maximal efficiency assignment program easier and more effective. 
This program is now widely used in engineering projects. One of its typical applications is the 
solution to maximal efficiency assignment problem of water piping repair. In this problem we 
have n companies and m broken pipes. Each company’s working efficiency is known. We want 
to send k companies to repair k pipes   min ,k md n  first. Which k companies and which k
pipes shall we choose in order to finish all jobs as quickly as possible? This practical problem 
can be solved effectively using the maximal efficiency assignment program.
2 Definitions and theorems for the minimal weighted  
k-matching problem 
The maximal efficiency assignment problem is related to the minimal weighted 
k-matching problem in graph theory. Details can be found in the literature (Li and Wang 2000). 
Other graph theory terminology can also be found in the literature (Kandel et al. 2007). 
A given weighted bipartite graph is assumed: ( , )G X Y , in which ^ `1 2= , , , nX x x x ,
^ `1 2= , , , mY y y y , and the edge  has the weight . The 
definitions and theorems of the minimal weighted k-matching problem are as follows: 
ije ( 1,2, , ;  1,2, , )ijw i n j m   
Definition 1: If a match for a weighted bipartite graph has k   min ,k md n  edges, then 
it is called a k-matching of the bipartite graph, and denoted by kM . Obviously, | kM |=k.
Definition 2: The maximal weight of the edges in a k-matching of a weighted bipartite 
graph is called the weight of the k-matching, and denoted by . Obviously, kw^ `max |k ij ijw w e M  k . The number of edges whose weights are equal to  in kw kM  is 
called the weight degree, and denoted by . Obviously, kd ^ `| ,k ij ij k ij kd e e M w w   .
Definition 3: The k-matching that has the minimal weight of all k-matchings in a 
weighted bipartite graph is called the minimal weighted k-matching. The minimal weighted 
k-matching with the minimal weight degree is called the minimal weighted optimal k-matching, 
or simply the optimal k-matching, and denoted by *kM . Obviously, 
*
kM satisfies the 
following condition: 
* mink kw  w  and ** minmink kk kw wd d  
where  is the weight of *kw
*
kM , and  is the weight degree of 
*
kd
*
kM . It is not difficult to see 
that solving the maximal efficiency assignment problem for k persons and k tasks is equivalent 
to solving the minimal weighted k-matching kM  for a weighted bipartite graph. 
Definition 4: Let kM  be a k-matching of a weighted bipartite graph. An kM  alternating 
path of G is a path whose edge exists alternately at E\ kM  and kM . If the length of the path is 
even, it is called the kM  even alternating path. An kM  extendable path of G is an kM
alternating path whose starting point and ending point are both unsaturated.  
Definition 5: For a given k-matching kM  of a bipartite graph G, the subgraph including 
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all the edges, such that ij kw w , is called the k-matching  intercept graph of G, and 
denoted by .
kw
kH
Theorem 1: The necessary condition for a k-matching kM  of a weighted bipartite graph 
G to be an optimal k-matching is that the k-matching intercept graph  of G satisfies the 
following conditions: (1) There is no 
kH
kM  extendable path; (2) The edge , such that 
, is not in the 
ije
ij kw w kM  even alternating path.  
Theorem 2: The sufficient condition for a k-matching kM  of a weighted bipartite graph 
G to be a minimal weighted k-matching is that the k-matching intercept graph  of G
satisfies the following conditions: (1) There is no 
kH
kM  extendable path; (2) The edge , such 
that , is not in the 
ije
ij kw w kM  even alternating path.  
3 Algorithm for designing k-person and k-task maximal  
efficiency assignment problem  
 ij n ma u A is assumed to be an efficiency matrix with n persons and m tasks, and  to ija
be the time cost for the ith person to do the jth task. To solve the maximal efficiency 
assignment problem for k persons and k tasks is to search for k independent elements ^ `1 1 2 2, , , k ki j i j i ja a a  of G, such that the ^ `1 1 2 2max , , , k ki j i j i ja a a  is minimal. This corresponds 
to the minimal weighted k-matching of a weighted bipartite graph. 
If we use the yielding tree algorithm and labeling algorithm directly when m and n are 
very large, the drawing of the bipartite graph is complicated. It is difficult to find the minimal 
weighted k-matching. Therefore, we implement the method with Matlab language, and simplify 
the algorithm for determining whether there is an even alternating path that contains a maximal 
element in the k-matching matrix. The program flow chart for solving the minimal weighted 
k-matching of a weighted bipartite graph  is shown in Fig.1.  ( , )G X Y 
We follow the procedure described below:
(1) We find an arbitrary k-matching for the efficiency matrix A with the minimal element 
method: First, we generate a zero matrix  ijb B  with the same size as A , whose elements 
are all zero. Then, we find the smallest element from A, place it at the corresponding location 
of B, and cross out the row and column of A at which the element is located. The process is 
repeated for the residual elements of the matrix A until the number of non-zero elements in B is k.
(2) We create an m-intercept matrix  ijh H : m is assumed to be the maximal value of 
the k independent elements in B. We create a zero matrix H with the same size as A, and set a 
value of 1 at the same locations in H as those of non-zero elements in B. For the other elements 
in H, we find the corresponding elements  in A. If ija ija m , then a value of 1 is set at the 
same location of  in H.ija
(3) We find the extendable path Pe with the Hungarian method: First, we create a zero 
matrix  with the same size as A, find a non-zero element  ijp P  xyb  in B, and then check 
whether there exists an M-unsaturated vertex jy  in the vertex set Y such that  in H. If 1xjh  
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it does not exist, there is no extendable path in H containing xyb . Then we check the next 
non-zero element in B. Otherwise, we set pxj to 1 in P, and check whether there exists an 
M-unsaturated vertex ix  in the vertex set X such that 1iyh   in H. If it does not exist, then 
there is no extendable path in H containing xyb . We set the previously mentioned pxj to 0 and 
check the next non-zero element in B. Otherwise, we set piy and pxy to 1, and the extendable 
path has been found. Then we go to step (5) to update B and repeat steps (2) and (3) until there 
is not any extendable path.  
Fig. 1 Flow chart for solving the minimal weighted k-matching of a weighted bipartite graph 
(4) We find the even alternating path Pa that contains a maximal element in B: We create a 
zero matrix  with the size same as A. We find the maximal element  ijq Q x yb c c  in B. We 
check whether there exists an M-unsaturated vertex jy  in the vertex set Y such that 
in H. If it exists, we set 
1x jh c  
x'jq  and x'y'q  to 1, and the even alternating path has been found. 
Otherwise, we check whether there exists an M-unsaturated vertex ix  in the vertex set X such 
that  in H. If it exists, we set  and 1iyh c  iy'q x'y'q  to 1, and the even alternating path has 
been found. If it does not exist, there is no even alternating path containing x yb c c . We can check 
the next maximal element in B. Similarly, after we find an even alternating path, we go to step 
(5) to update B and go to step (2) to repeat the process until there is not any even alternating 
path. Now the matrix B corresponds to the minimal weighted k-matching of A.
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(5) The step of updating B is as follows: we find the weight of elements in A that have the 
same locations as those of the non-zero elements in P or Q, put the weights at the corresponding 
locations in P or Q, and then use the exclusive-OR operation of B and P or B and Q to update 
the matrix B.
In order to update B and find the extendable path Pe, it is also necessary to find the 
location of the maximal element in B, and set it to 0. 
  In this study, programs for the maximal efficiency assignment problem of k persons and k
tasks, including the main program and the programs for searching the extendable path Pe as 
well as the even alternating path Pa that contains a maximal element of B under simplification, 
were compiled and used to solve a water piping repair assignment problem.  
4 How to solve water piping repair assignment problem  
Due to continuous high temperatures and overloading of trucks, there are nine water pipes 
bursting in one city. Seven water pipe repair companies want to service them. The time they 
need to repair each broken pipe is listed in the efficiency matrix A below.
3 2 5 1 6 4 2 7 4
3 6 9 7 8 5 4 5 9
2 5 9 6 4 3 2 5 6
3 9 7 8 5 6 5 7 4
7 3 8 9 6 7 10 2 6
2 8 9 4 10 8 7 7 4
3 4 4 5 4 6 7 8 9
ª º« »« »« »« » « »« »« »« »« »¬ ¼
A
In order to finish all the repair work quickly, we want to send six efficient companies to 
finish six broken pipes first. Now, which six companies and which six pipes shall we choose in 
order to finish all six jobs as quickly as possible? 
Based on previous study (Zheng et al. 2001), we use the maximal efficiency assignment 
program to solve the assignment problem and repair the water piping. Let n = 7, m = 9, and k = 
6, we obtain the following results: 
(1) We use the minimal element method to find B:
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 4 0 0
2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 4
0 0 0 0 0 0 0 2 0
0 0 0 0 0 0 0 0 0
0 4 0 0 0 0 0 0 0
ª º« »« »« »« » « »« »« »« »« »¬ ¼
B
(2) We create an m-intercept matrix H:
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1 1 0 1 0 0 1 0 0
1 0 0 0 0 0 1 0 0
1 0 0 0 0 1 1 0 0
1 0 0 0 0 0 0 0 1
0 1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0
ª º« »« »« »« » « »« »« »« »« »¬ ¼
H
(3) We find the extendable path Pe:
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
ª º« »« »« »« » « »« »« »« »« »¬ ¼
P
(4) By updating B, we can obtain: 
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 3 0 0 0
0 0 0 0 0 0 0 0 4
0 0 0 0 0 0 0 2 0
2 0 0 0 0 0 0 0 0
0 4 0 0 0 0 0 0 0
ª º« »« »« »« » « »« »« »« »« »¬ ¼
B
In this case we cannot find the even alternating path. The matrix B above corresponds to 
the minimal weighted k-matching. This result means that the first company will be assigned to 
serve the fourth pipe, the third company to serve the sixth pipe, the fourth company to serve the 
ninth pipe, the fifth company to serve the eighth pipe, the sixth company to serve the first pipe, 
and the seventh company to serve the second pipe. It will take 4 h to finish these six jobs. By 
the end of this process, the third, fifth and seventh pipe will not yet have been repaired. Shall 
we choose the second company, which has not any tasks? If we assign the second company to 
serve the seventh pipe, it will take 4 h for the second company to finish the work and all the 
work will be finished more than 8 h.  
Now we set the efficiency matrix: 
T5 9 9 7 8 9 4
' 6 8 4 5 6 10 4
2 4 2 5 10 7 7
ª º« » « »« »¬ ¼
A
Using the algorithm, we obtain 
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T0 0 0 0 0 0 4
' 0 0 4 0 0 0 0
2 0 0 0 0 0 0
ª º« » « »« »¬ ¼
B
The conclusion is that we may assign the first company to serve the seventh pipe, the third 
company to serve the fifth pipe, and the seventh company to serve the third pipe. All the work 
will be done in 8 h. We do not let the second company perform any of the tasks due to its low 
working efficiency. 
5 Conclusions  
In this study, we used the theorem of the minimal weighted k-matching problem in graph 
theory, and improved the algorithm’s ability to check whether there is an even alternating path 
containing a maximal element. This makes the algorithm more simple and effective. It is easy 
to apply the algorithm in practice. The program effectively solved the problem of water piping 
repair in the case of a large number of companies and broken pipes. This algorithm can avoid a 
complicated bipartite graph when searching for the minimal weighted k-matching and solve the 
problem quickly. 
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